Abstract: This article presents the study of Struve functions and certain integral operators associated with the Struve functions. It contains the investigation of certain geometric properties like the strong starlikeness and strong convexity of the Struve functions. It also includes the criteria of univalence for a family of certain integral operators associated with the generalized Struve functions. The starlikeness and uniform convexity of the said integral operators are also part of this research.
Introduction
We denote by A the class of functions f that are analytic in the open unit disc D = {z : |z| < 1} and of the form:
Let S denote the class of all functions in A, which are univalent in D. Let S * (α), ∼ S * (α) and ∼ C (α) denote the classes of starlike, strongly starlike and strongly convex functions of order α, respectively, and defined as: S * (α) = f : f ∈ A and z f (z) f (z) > α, z ∈ U , α ∈ [0, 1) , ∼ S * (α) = f : f ∈ A and arg z f (z) f (z) < απ 2 , z ∈ U , α ∈ [0, 1) , and:
∼ C (α) = f : f ∈ A and arg 1 + z f (z) f (z) < απ 2 , z ∈ U , α ∈ [0, 1) .
and is called the generalized Struve function of order L. This series is convergent everywhere. We take the transformation:
(−c/4) n z n (3/2) n (q) n ,
where q = L + (b + 
(ii) For b = 1, c = −1, we have the normalized Struve function Y L : A → A of order L. It is given as:
(1/4) n z n+1 (3/2) n (q) n .
The functions u L,b,c and v L,b,c were introduced and studied by Orhan and Yugmur [10] and further investigated by other authors [11] [12] [13] . In the last few years, many mathematicians have set the univalence criteria of several of those integral operators that preserve the class S. By using a variety of different analytic techniques, operators and special functions, several authors have studied the univalence criterion. Recently Din et al. [14] studied the univalence of integral operators involving generalized Struve functions. These operators are defined as follows:
and:
Now, we introduce the following integral operators H Li,b,c,γ 1,.., γ n ,β , I Li,b,c,γ 1 ,...,γn,δ,β : A → A involving the generalized Struve functions as:
where γ i , δ i , β are nonzero complex numbers, L i ∈ R for all i = 1, 2, · · · , n and g i ∈ A.
In this paper, our aim is to study certain geometric properties like the strong starlikeness and strong convexity of the Struve functions and univalence for the integral operators H L i ,b,c,γ i ,β and I L i ,b,c,γ i ,δ i ,β associated with the generalized Struve functions. The starlikeness and uniform convexity of the said integral operators are also part of this research.
Preliminary Results
We need the following lemmas to prove our main results.
Lemma 1 ([15]
). Let G(z) be convex and univalent in the open unit disc with condition G(0) = 1. Let F(z) be analytic in the open unit disc with condition F(0) = 1 and F ≺ G in the open unit disc. Then, ∀ n ∈ N ∪ {0}, we obtain:
Lemma 2 ([16]).
If g ∈ A satisfies:
.
Lemma 5 ([18]).
If g ∈ A satisfies the following inequality:
then for every complex number β, β ≥ (α) , the function:
where K 3.05, then g is univalent in D.
Remark 1. The constant K is the solution of the equation 8 x (x − 2)
An approximation by using the computer programs suggest the value 3.03902118847875. Kudriasov used the approximated value equal to 3.05.
Geometric Properties of Generalized Struve Functions
, where:
Proof. By using Equation (8) with the triangle inequality, we have:
By the help of the inequalities:
we obtain:
For q ≥ 7|c| 12 , it is clear that 0 < ψ ≤ 1. Furthermore, from expression (17) , we concluded that:
With the help of Lemma 1, take n = 0 with F(z) = v L,b,c (z) and G(z) = 1 + ψz, and we get:
As a result:
By using relations (18) and (19) , we obtain:
As 0 < ψ ≤ 1, thus one can write the above last expression as:
and ϕ = 2|c| 3q−2|c| is such that arcsin
Proof. By using the well-known triangle inequality:
with the inequalities:
It is clear that 0 < ϕ ≤ 1 for q ≥ 4|c| 3 , and from the expression (22), we conclude that:
With the help of Lemma 1, take n = 0 with F(z) = zv L,b,c (z) and G(z) = 1 + ϕz, and we get:
This implies that:
By using relations (23) and (25), we obtain:
As 0 < ϕ ≤ 1, thus one can write the above last expression as:
By using Lemma 3, we have the required result.
Univalence Criteria for Integral Operators
In this section, we find the univalence of these integral operators defined by generalized Struve functions, by using the above lemmas. (8) . Suppose q = min (q 1 , q 2 , . . . , q n ), γ i are non-zero complex numbers and if g i ∈ A with:
where K 3.05, these numbers satisfying the relations:
when 0 < (α) < 1 and for (α) ≥ 1:
then for every complex number β, (β)
Proof. Consider the function:
By taking the derivative of Equation (28), we get:
It is clear that
Now, using the Lemma 6, we have g i ∈ S, i = 1, ..., n, and:
By virtue of the above inequality (30), we get:
First, we consider the part:
Using Lemma 5, we have:
We define the function τ :
. It is a decreasing function; therefore:
|c|
Now, we consider the part: 1 − |z|
For this, we have the following cases:
(1) For 0 < (α) < 1, then the function v : (0, 1) −→ R, v (x) = 1 − a 2x , x = (α) and |z| = a is increasing and:
From the inequalities (31) and (32), for 0 < (α) < 1, we have:
x , x = (α) and |z| = a is a decreasing function and:
1 − |z|
By combining the inequalities (31) and (34) for (α) ≥ 1, we get:
From the inequalities (26) , (27) , (33) and (35), we obtain:
Therefore, using Lemma 5, we get the required result. 
where K 3.05, and these numbers satisfy the relation:
Then, for every complex number β, (β) ≥ (α) > 0, the function I L i ,b,c,γ i ,δ i ,β defined in Equation (15) is univalent.
Proof. Consider the function:
By taking the derivative of Equation (37), we get:
It is clear that I L i ,b,c,γ i ,δ i ∈ A. It follows easily that:
Therefore, we obtain:
Using Lemmas 4 and 6, we get:
As was mentioned before:
Using the inequalities (36) and (39), we get:
Therefore, by using Lemma 5, we get the required result.
. . , L n } . Furthermore, let the parameter γ i be non-zero complex numbers with {i = 1, 2, 3, . . . , n} and if g i ∈ A with:
where K 3.05, and these numbers satisfy the relations:
then for every complex number β, (β) ≥ (α) > 0, the function H Li,b,c,γ i ,β is univalent.
Corollary 2.
Consider the function X L i defined in the Equation (9) . Let L 1 , . . . , L n > −1.75 (n ∈ N) and L = min {L 1 , . . . , L n } . Furthermore, let the parameter γ i , δ i be non-zero complex numbers and if g i ∈ A with:
then for every complex number β, (β) ≥ (α) > 0, the function I L i ,b,c,γ i ,δ i ,β is univalent.
.., L n } . Furthermore, let the parameters γ i be non-zero complex numbers with {i = 1, . . . , n} and if g i ∈ A with:
.., L n } . Furthermore, let the parameter γ i , δ i be non-zero complex numbers and if g i ∈ A with:
Starlikeness and Uniform Convexity Criteria for the Integral Operator
In this section, we find the starlikeness and uniform convexity of these integral operators defined by generalized Struve functions. ≤ M, where M is a positive integer. Suppose q = min (q 1 , . . . , q n ) and γ i are non-zero complex numbers and these numbers satisfy the relation:
then the function H L i ,b,c,γ i ,1 defined in the Equation (14) is in class S * .
Hence:
we have:
By using Lemma 2, the function
D −→ C be defined in the Equation (8) . Let the function g i satisfy the condition
≤ M, where M is a positive integer. Suppose q = min (q 1 , q 2 , . . . , q n ) and γ i are non-zero complex numbers and these numbers satisfy the relation:
Therefore:
Using Lemma 4(i):
Using:
Hence, by using Lemma 3, H L i ,b,c,γ i ,1 ∈ U CV.
.., L n } and the function g i satisfy the condition Funding: This work is partially supported by Sarhad University of Science and I.T., Peshawar, Pakistan.
